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Céc dinh 1y diém bat dong déng vai tro kha quan trong trong 1y thuyét toi
uu. Nhitng két qud dau tien ducc biét dén d6 1a nguyén 1y anh xa co Banach
trén 16p cac khong gian metric day du. Vé sau c6 rat nhiéu tic gid mé rong
nguyeén 1y nay véi cac diéu kién khac nhau ctia khong gian va anh xa. Vao nam
1994, S. Matthews (xem [8]) 1a ngudi dau tién dua ra gidi thieu khai niem khong
gian metric riéng. Day la 16p khong gian md rong tu nhién tir khong gian metric
thong thuong, c6 vai tro kha quan trong va c6 mot s6 ting dung trong viéc phat
trien toan 1y thuyét, dic biét 1a cac dinh 1y diém bat dong. Trong mot s6 nam
trd lai day, mot s6 nha Toan hoc da nghién citu vé khong gian metric riéng va
tinh chat ctia n6, dong thoi tong quéat héa va mé rong dude mot sbé két qua cla

S. Matthews.

Dé tim hiéu, nghién cttu nhim lam 16 hon vé cac van dé lien quan dén khai
niém, tinh chat va mot sé dinh Ii diem bat dong trong khong gian metric riéng,
toi da thyc hién nghién cttu luan van ciia minh vé6i tén goi 1a: "Mot s6 dinh li ve

diém bat dong trong khong gian metric riéng va ung dung".
Cac nghién cttu trong luan van nay dudgc chia ra thanh 2 chuong:

e Chuong 1: Khong gian metric riéng: Trong chuong nay, t6i trinh bay lai
mot s kién thiic can phai ndm vitng khi nghién citu vé li thuyét diem bat dong.
Day hau hét 14 nhitng nhitng dinh nghia, tinh chét... kha co ban, ching han nhu:
khong gian metric riéng, day Cauchy, day 0-Cauchy, sit hoi tu trong khong gian
metric rieng. Ngoai ra, toi con nghién citu vé metric rieng Hausdorff va dua mot
sO vi du minh hoa. Trong phan cudi ctia chuong, t6i c¢6 trinh bay mot sé tinh
chat co ban clia khong gian metric rieng dé phuc vu cho cac noi dung cé trong

Chuong 2.
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e Chuong 2: Mot s6 dinh 1i vé diém bat dong trong khong gian metric riéng.
Day 1a phan trong tam clia luan van, toi c6 trinh bay chi yéu vé cac kién thiic
xoay quanh khai niem diém bat dong trong khong gian metric rieng cho mot sb
cac anh xa: anh xa gian, anh xa co don tri .... Ngoai viéc trinh bay mot cach co
hé thong cac kién thic, toi da dua ra cac vi du va bai tap nham gidm bét tinh
tritu tuong clia cac khai niém ciing nhu cic dinh li, ménh dé da duge dé cap.
Phan cudi ciing clia chuong, t6i ¢6 trinh bay mot tng dung cia dinh 1f diém
bat dong trong khong gian metric rieng, d6 1a sy ton tai nghiém chung ctia cac

phuong trinh tich phan kiéu Volterra.

Toi da c6 ging chon loc, sdp xép dé ndi dung luan van duge ngan gon va
phit hgp hon, nhung do thoi gian va khuon kho ctia luan vian Thac si, nén chic
rang trong qua trinh nghién cttu khong tranh khéi nhitng thiéu sé6t nhat dinh.
Chinh vi vay, toi rat mong nhan duge sy déng gép v kién tit phia cac thay co
gidng vien, cac nha nghién ctu v céc anh chi hoc vien Cao hoc dé luan van
dugc hoan thién hon.

Trong qué trinh thyc hién luan van nay, toi luon nhan duge sy huéng dan,
gitip d6 tan tinh ctia thay gido Ha Tran Phuong. Téi xin chan thanh gii 10i cAm
on sau sac dén thay. Dong thoi, toi cling xin gt 10i cdm on t6i Ban chti nhiém
khoa Toan - Tin, cac thay co gido va anh chi hoc vien 16p Cao hoc Toan K11A
truong Dai hoc Khoa hoc - Dai hoc Thai Nguyén da quan tam, giap dd, tao moi
diéu kien dé toi hoan thanh luan van nay.

Toi xin chan thanh cadm on!

Thai Nguyén, ngay 10 thang 4 nam 2019

Hoc vién Cao hoc

Ng6 Thuong Thuay



Bang ki hiéu

Trong toan luan van nay, ta ding mot s6 ki hiéu sau

N tap hop cac sé tu nhién

R tap hop cac s6 so thuc

R+ tap hop cac s6 thuc khong am

U phép hgp

N phép giao

X tich Descartes

0 tap hop rong

id anh xa dong nhat

A bao dong cua tap hop A

By(z,¢) hinh cau md tam tai x, ban kinh ¢

a, b] doan déng ctia tap s6 thuc v6i cic dau mut a,b va a < b



Chuong 1
Khoéng gian metric riéng

Trong chuong nay, ching toi sé nhac lai dinh nghia, dua ra mot s6 vi du
cu thé va tap trung nghién citu mot s6 tinh chat co ban ciia khong gian metric
rieng. Day 1a céc kién thiic nén tang, 1a co sé cho viéc trinh bay cac noi dung
trong tam trong Chuong 2 ctia luan van. Noi dung trong chuong duge trich dan

chlt yéu tit cadc nguon tai lieu tham khao [1], [2], [3], [4], [6] va [8].

1.1 Dinh nghia va vi du vé khéng gian metric riéng

Dinh nghia 1.1.1. Cho X 14 mot tap hop khéc rong, mot metric riéng trén X
14 mot ham so6
p: X xX — R

sao cho v6i moi z,y,z € X ta co

(P1)  p(z,z) =p(y,y) = p(x,y) néu va chi néu z = y;
(P2)  plz,z) <plz,y);

(P3)  plz,y) = ply, 2);

(P4)  plz,2) < plz,y) +py, 2) — Py, y).

Khi do, cap (X, p) duge goi la mot khong gian metric riéng.

Vidu 1.1.2. Cho X = RT vap: X x X — RT la mot ham s6 xac dinh béi
p(z,y) = max {z,y}, v6i moi z,y € X. Khi do, (X, p) la mot khong gian metric
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rieng. That vay, ro rang p thoa man Diéu kien (P1), (P2), (P3) clia Dinh nghia
1.1.1 nén ta chi can ching minh p théa man Diéu kién (P4). RS rang vai tro
clia , z nhu nhau nén khong gidm tinh tong quat, ta c6 thé gia st z < z. Ta c6
danh gia
p(z, 2) < p(x,y) +ply, 2) = p(y,y)

< max {r, 2} < max{z,y} + max{y, z} — max{y,y}

Sz < max{r,y} + max{y, z} —v.

& (max{z,y} —y) + (max{y, z} — z) > 0.
Bat dang thiic cudi luon théa man nén p thda man diéu kien (P4). Do d6 (X, p)
la mot khong gian metric riéng.
Vi du 1.1.3. Cho X ={[a,b] |a,b € R,a < b} vap: X x X — R 1a ham s6
cho bdi p([a,b],[c,d]) = max {b,d} — min{a,c}. D& thay p thoa man cac Dicu
kien (P1), (P2), (P3) ctia Dinh nghia 1.1.1. Dat = [a,b],y = [¢,d], 2z = [e, g].
Vi vai tro ciia z, 2 nhu nhau nén khong giam tinh tong quat, ta chi xét 3 truong

hop sau:
Truong hop 1: a < b < e < g. Ta ¢6 danh gia

p(z;2) < p(e,y) + py, 2) = p(y, )
< g —a <max{b,d} — min{a,c} + max{d,g} — min{c,e} —d+c
& (max{d,g} — g) + (a —min{a, c}) + (max {b,d} — d) + (¢ —min{c,e}) > 0.
Bat dang thic cudi théa man.
Truong hop 2: a<e<b<yg.
Tuwong tuy nhu trusng hop 1, ta ciing c6 p(z,z) < p(z,y) + py, 2) — p(y, ).
Truong hop 3: a < e < g < b. Ta ¢6 danh gia
p(z, 2) < p(e,y) + ply, 2) = p(y, )
& b—a <max{b,d} —min{a,c}+ max{d, g} —min{c,e} —d+c
< (max {b,d} —b) + (¢ —min{a,c}) + (max{d, g} — d) + (¢ —min{c,e}) > 0.

Bat dang thitc cudi thda man. Vay p théa man Diéu kien (P4) nén p la mot

metric riéng trén X, hay (X, p) 1a mot khong gian metric riéng.



Nhan xét 1.1.4.

1. Mot khong gian metric luon 1a mot khong gian metric riéng. That vay,
gid st (X, p) la mot khong gian metric. Khi d6, ro rang (X, p) théa man cac
Diéu kien (P1), (P2), (P3) ctia Dinh nghia 1.1.1. Theo tién dé tam gidc ta c6

pz, 2) < pla,y) +p(y, 2)
=p(z,y) +p(y,2) — 0
<plzy) +p(y,2) = p(y,y).
Vay (X, p) thoa man Diéu kien (P4) nén né 1a mot khong gian metric riéng.

2. Tt Dinh nghia 1.1.1, ta nhan thay rang néu p(z,y) = 0 thi tit Diéu kién
(P1), (P2), ta suy ra dugc = y. Tuy nhién diéu ngugc lai nhin chung khong
con ding; nghia 1a néu z = y thi p(x,y) chua chic da bing 0. That vay, chang
han trong Vi du 1.1.2 ta thay p(z,z) = x khong nhat thiét phai bang 0.

3. Cho (X, p) 1a mot khong gian metric rieng. Khi d6 ham ps : X x X — R*
xac dinh béi
ps(z,y) = 2p(z,y) — p(z, ) — p(y, y)
véi moi z,y € X 1a mot metric tréen X. That vay, ta kiem tra dugc
o ps(z,y) =0 2p(z,y) —p(z,2) —ply,y) =0z =y.
® ps(z,y) = 2p(z,y) —p(z,x) —p(y,y) = 2p(y, x) = p(y, y) —p(z,z) = ps(y, T).
Mat khac, ta c6 danh gia
ps(@,y) +ps(y, 2) = 2p(z,y) — p(z,z) — p(y, y)| + [2p(y, 2) — p(y,y) — p(2, 2)]
= 2[p(z,y) + p(y. 2) — p(y,y)| — p(z,2) — p(2, 2)
2 2p(z,z) — p(z,x) — p(z, 2) = ps(z, 2).
Vay ps thdéa méan 3 tien dé ctia metric nén p, 14 mot metric trén X.

Dinh nghia 1.1.5. Cho (X, p) la mot khong gian metric rieng, © € X vae > 0.
Ta goi tap hop By(z,e) = {y € X | p(z,y) < p(x,x) + £} 14 mot p-hinh cau md

tam tai x, ban kinh €.



